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Erosion yield data for particular combinations of target and projectile materials (via
laboratory experiments carried out with a narrow-size distribution over the important
range of impact velocities and incidence angles), together with recently developed ra-
tional correlations for inertial impaction of suspended particles on a cylinder in high
Reynolds number crossflow are used to provide a tractable framework for predicting the
erosion rates of, say, heat exchanger tubes immersed in particle-laden streams of com-
bustion products. “Universal” results are cast in terms of the following accessible pa-
rameters: sensitivity of erosion yield to projectile incident velocity and angle, ratio of
mean particle size to the threshold size required for impaction on the cylindrical target,
spread of the mainstream particle size distribution (here log-normal), and the character-
istic “slip” Reynolds number for the critical size abrasive particle in the mainstream.
Applications of the results are illustrated, and several generalizations are discussed.

Introduction, Background, Objectives

Importance of erosion in power generation and chemical
propulsion applications

One of the most challenging aspects of the design of high-
performance equipment for power generation or propulsion
is dealing with the inevitable erosion of components exposed
to the high-speed flow of gas containing suspended abrasive
particles. In the case of pulverized coal-fired power stations,
the heat exchanger surfaces (normally tubes of circular cross
section) must survive exposure to the extraneous mineral
matter originally in the coal for over 10~! Mh of nearly con-
tinuous operation (Raask, 1985). Moreover, combustion tur-
bines running on the products of coal-fired fluidized bed
combustors must be designed to also survive exposure to the
inevitable “carryover” of fragmented sorbent particles used
as sulfur “getters.” In propulsion applications (e.g., helicopter
and/or tank turbine engines) erosion is usually the result of
injested (entrained) abrasive particles in the air required for
combustion, an eventuality that usually dictates the geometry
of an acceptable inlet system. Mention should also be made
of the so-called erosion-corrosion interaction, that is, erosion
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of normally corrosion-resistant metal alloy “scales,” which in
hostile chemical environments can bring about extensive
damage by corrosion even when the erosion damage itself
would have been tolerable.

Prediction of erosion rates in engineering equipment

In the present article we deal with the engineering “pre-
diction” of erosion rates in particle-laden environments, based
upon experimental data on erosion rates when small flat sam-
ples are deliberately exposed to impacting particles of se-
lected materials, at nearly one size, one velocity, and one an-
gle of incidence in an erosion test rig (sce, e.g., Finnie, 1959;
Tabakoff et al., 1979a,b, 1980). Exploiting such data, even
when available for the particular materials combinations of
interest, to anticipate erosion rates in realistic engineering
environments is normally a computationally demanding task
since it is necessary to track the impingement frequency, ve-
locity, and incidence angles of all the different size particles
in the mainstream capable of striking the target locations of
interest, invoking the abovementioned erosion yield data at
each such point to predict the corresponding cumulative local
erosion rate. However, by focusing our attention on the
canonical (and extensively studied) geometry of a circular-cy-
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Figure 1. Flow configuration: erosion of a circular cylinder in cross flow of particle-laden gas stream.

lindrical target in cross-flow (Figure 1) and introducing a
modest number of defensible approximations (subsections ti-
tled “Basic Assumptions and Cases Explicitly Considered,”
“Erosion Yield Law,” and “Examination of Approximations”)
to summarize the measured erosion yield behavior of the ma-
terials of interest, we will show that the tedious portion of
such erosion rate predictions can be carried out “once-and-
for-all,” thereby reducing the engineering problem of
predicting target erosion rates to that of multiplying a readily
calculated reference erosion rate by a set of “universal” dimen-
sionless erosion rate functions calculated and reported here.
The reference erosion rate is here chosen to be that which
would be associated with the mainstream abrasive particle
mass flux if all particles struck the target at the most vulnera-
ble incidence angle (8, ) with unmodified (mainstream) im-
pact velocity. For convenience, our results will be cast in terms
of the following accessible parameters: sensitivity of erosion
yield to projectile incident velocity and angle, ratio of mean
abrasive particle size to the threshold size required for im-
paction on the circular-cylinder target in the prevailing flow
environment, spread of the mainstream abrasive particle size
distribution (here assumed “log-normal”), and the character-
istic “slip” Reynolds number for the critical size abrasive par-
ticles in the mainstream.

Given these objectives, the present article is structured as
follows. In the next section we spell out the principal assump-
tions underlying our erosion rate analysis, including a presen-
tation/discussion of our choice of erosion yield law, the iner-
tial impaction correlations used, and the resulting quadrature
expressions for the abovementioned erosion rate functions of
greatest practical interest. We explicitly consider log-normal
populations of abrasive particles suspended in the main-
stream and, in part for check purposes, derive the simple lim-
iting forms of our erosion rate results when the particle Stokes
number (based on mean particle size) is very large (= 10?)
and the mainstream particle size distribution is very narrow
(i.e., those conditions approached in erosion test rigs, but not
appropriale to the engineering applications that concern us
here). In the third section we present all of our numerical
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results (for local, peak and average erosion rates), spanning
the dimensionless parameter ranges of greatest practical in-
terest. The utility of these results is illustrated in the fourth
section, with the help of a numerical example, which also in-
cludes a defense and critical discussion of the assumptions
and outlines several straightforward generalizations that may
interest the reader. The fifth section concludes the present
article with a summary of our principal findings and com-
ments on future work suggested by our present results.

Mathematical Model and Formulation
Basic assumptions and cases explicitly considered

By combining recent results on the impaction of initially
suspended particles on the surface of a circular cylinder tar-
get in high Reynolds number crossflow with available (f still
limited) data on the average erosion yield when individual
particles strike solid surfaces (e.g., volume removed per unit
volume of arriving particles), it is possible to formulate/
calculate the local and total erosion rate for such a target
exposed to a flowing suspension of abrasive particles that are
“distributed” in size. To capture the essential phenomena in
a simple manner without making unrealistic idealizations we
make the following basic assumptions (critically examined in
the section titled “Examination of Approximations™):

1. Local particle impaction frequencies, velocities, and an-
gle-of-incidence can be calculated with sufficient accuracy
from recently available correlations summarizing the results
of individual suspended non-Brownian particle trajectories
(Fernandez de la Mora and Rosner, 1981) calculated for
steady, inviscid flow past an isolated circular cylinder target
(Figure 1).

2. The important systematic departures from Stokes drag
law (owing to local “slip” Reynolds number that exceeds unity)
can be adequately accounted for by using a modified (“effec-
tive”) Stokes number that corrects for non-Stokesian drag in
the computation of the characteristic particle stopping time
or distance in the prevailing viscous carrier gas (Israel and
Rosner, 1983).
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3. Average specific erosion yields (e.g., target volume re-
moved per incident projectile volume) determined by inde-
pendent erosion experiments at particular velocities and inci-
dence angles can be invoked to predict average erosion yields
in engineering applications where abrasive particles arrive si-
multaneously over a broad range of impact velocities and in-
cidence angles.

4. Rebounding particles do not appreciably influence in-
coming particles, nor cause appreciable downstream erosion
upon reimpaction on the same target.

5. Predicted “initial” erosion rate trends (spatial distribu-
tions) determined on an initially smooth circular cylinder tar-
get can be used to estimate somewhat longer time erosion
behavior on inevitably roughened cylinders that depart from
circular shape due to localized wear.

6. The mainstream population of suspended abrasive par-
ticles is approximately log-normal with respect to particle vol-
ume and, while the particle mass loading, w,, in the main-
stream may not be very small, the volume fraction, ¢, corre-
sponding to the total particle number density N, and mean
particle volume ¥ (ie., ¢, = N, D) is negligible.

7. On the scale of the rarget diameter, d,, the mainstream
suspended particles are uniformly distributed in space and
are individually negligible in size. However, it is not neces-
sary that the average interparticle separation, N, > be small
on the scale of the target cylinder diameter.

Subject to these assumptions, we show that actual local
erosion rates (say, in the units: mm recession per year of con-
tinuous exposure) at position ¢ (Figure 1) can be expressed
as the product of an easily calculated reference erosion rate
(ER),.; and a universal dimensionless function E€6, ...} cal-
culated and plotted here over the interesting range of mean
suspended particle diameter (expressed as a multiple of criti-
cal diameter required for inertial impaction in the prevailing
environment). The reference erosion rate is that which would
be expected in the prevailing environment if all mainstream
particles had a mean size and struck a unit target surface
with undiminished speed and at the most vulnerable
angle—that is, in the units of linear recession rate:

(ER)ref = Ep'fU, 0>|<)"(D[\’1,U)m7 (1)

where €, is the specific erosion yield (average volume re-
moved per unit volume of projectile particle impacting) eval-
uated at the particle mainstream velocity U and at incidence
angle 0, (see the subsection on erosion yield law). Thus, the
local erosion rate will be E¢8, ...¥-(ER),, the peak local
erosion rate (occurring at angular position 6; ) will be E,,,
(ER),.;, and the average erosion rate over the upwind-fac-
ing surface will be E¢...>+(ER) .

An attractive feature of this formulation is that the above-
mentioned functions E, E,,, and E can be calculated
“once-and-for-all” by straightforward numerical quadratures
in terms of an acceptably small number of dimensionless pa-
rameters defining the system (application). The availability of
these results will be seen to dramatically simplify the task of
predicting local and total erosion rates for, say, heat ex-
changer tubes in the cross-flow of ash-laden combustion
products (see the illustrative calculations summarized in the

subsection titled “Direct Use to Predict Erosion Behavior”).
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Erosion yield law

It is not our purpose here to develop further the still in-
complete micromechanical theory of erosion yield €, when
particular projectile materials are directed at particular tar-
get materials at a known velocity V), and the angle of inci-
dence 6, (cf. the outward normal) (see, e.g., Bitter, 1963).
Instead, we make use of the main features of such experi-
mental results (Finnie et al., 1967; Tabakoff et al., 1979a,b),
pamely, the observed functional dependence of specific ero-
sion yield €, on the particle incident velocity V, and angle of
incidence 6,, in the projectile particle size range where ¢, is
independent of d,, (see, e.g., Kotwal and Tabakoff, 1981 and
the subsection titled “Generalizations”). A particularly con-
venient representation of these experimental data for our
present purposes is the separable form:

e, = const-(V,)"- £(6,) @

where the dimensional “constant” is specific to the projec-
tile/target system, the exponent on the particle velocity (7 = @
In €,/ In V,, frequently near 2.5) best describes experimen-
tal results, especially in the vicinity of the most vulnerable
incidence angle 6, and the indicated dependence f(8;) on
angle of incidence is normalized such that f(8,)=1.

We select the following simple functional form for €63,
characterized by the two parameters 8, and f€0r= f, (the
value of f at normal incidence):

( (m/2)— 6, )
6. \¥? (/N —g.
66, = 1+a(1——‘—) D=6 ;
0, : (m/2)— 6,
N\ G-,
for0<0<80,
and
( (ﬂyQ)—-Q»)
£€6y = (7(’/2)2;6; > form/22020,
1+(—————7T/ — i)
(m/2)— 0,
where

1 0, 6, \ 2 _
8=E(1'(w/2)) 1+(1_(W/2)) fo=1.

The behavior of this simple but realistic function f€6,) is
shown in Figures 2 and 3. This simple functional form fits
well the erosion rate data obtained from laboratory experi-
ments for a variety of combinations of metal target material
and projectile material (Finnie, 1959; Tabakoff et al., 1979a,b,
1980). Note that while we embrace a range of possibilities for
fE0r and 9, (depending upon the relevant fajlure mecha-
nism: brittle vs. ductile), in all cases we assume that no ero-
sion occurs for projectile particles that strike the surface at
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Figure 2. Dependence of erosion yield ¢, on projectile
angle-of-incidence 6, for a range of 6, val-
ues.

With €6, =1 and constant f€03( = 0.28); see Eq. 3.
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“grazing” incidence (6; = 7/2 radians). Actual best-fit values
of the four parameters fy, 04, n, and ¢, ¢ extracted from
available erosion yield measurements for a variety of metal
targets and “erodents” are given by Kho et al. (1994).

To fix ideas we note that for a particular case reexamined
in the subsection on “direct” use to predict erosion behavior
—namely, Kingston coal ash particles (2.4 g/cm?) incident
upon #304 stainless steel (7.9 g/cm®)—the experimental data
of Tabakoff et al. (1979a,b) in the range 137 m/s >V, > 85
m/s indicate 9, =1.15(66°), f(0)=0.28, n=2.5. The abso-

Grazing Incidence

—0.2 . 1] S il . P . . . | . . . .
0 0.2 0.4 06 08 1

0/@/2)

Figure 3. Dependence of erosion yield ¢, on projectile
angle-of-incidence 6; for a range of 0} val-
ues.

With €6, =1 and constant 6,; see Eq. 3.
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lute peak erosion yield (quoted in mg/g) corresponds to €, =
49%107% at V, =120 m/s and 6, =6, =1.15 so that “con-
stant” in Eq. 2 has the approximate numerical value 3.1X
107" (m/s)~%° for this system. We also immediately find
that the reference erosion yield, ePfU, 0.7, evaluated at, say,
U=10 ms™' (see the subsection titled “‘Direct’ Use to Pre-
dict Erosion Behavior”) is 0.98x 1077, The actual average
erosion yield will be less than this figure by a factor closely
related to the abovementioned function E, evaluated below.

In what follows, results will be shown for the following rep-
resentative ranges of the abovementioned erosion yield pa-
rameters; 55°< 6, <75°, 2<n<3, 02<f(0)<0.8 strad-
dling the abovementioned “typical” values. These graphs, to-
gether with a compendium of the four parameters, f;, 8,, n,
and e, ., summarizing erosion yield data (Kho et al., 1994),
should permit rapid engineering estimates of target erosion
rates for preliminary design/optimization purposes for most
combinations of practical interest. However, as discussed in
the subsection titled “‘Indirect’” Use to Infer Parameters in
Erosion Yield Law,” some of these results, when combined
with actual erosion rate observations on test cylinders in a
reasonably well-characterized cross-flow, could be used to ex-
tract rational estimates of certain of these erosion yield pa-
rameters for use in subsequent design/optimization calcula-
tions. Inevitably, some cases will require special treatment
(e.g., material combinations such that negligible erosion oc-
curs for a range of near-normal incidence angles, correspond-
ing formally to negative values of f,; see Figure 3). This case,
among others, will be briefly taken up in the section on the
Examination of Approximations, devoted to the defense of
our principal approximations and idealizations.

Local and total erosion rate quadrature expression

Consider first the task of predicting the local erosion rate
at some arbitrary angular position 6 on the target (measured
from the forward stagnation line; cf. Figure 1). We write the
local impingement flux of particles of volume v +(dv/2) as
Mocar 0> 63 -UN,* C.€0)dv, which corresponds to a volume
flux ongeuto, OIUN,>C.€v¥dv. According to the erosion
yield law (see the previous subsection) the corresponding con-
tribution to the local erosion rate will be

e,V t0, 8%, 640, 63) v My, eutu, 63 -UN,- Ctvydv (4)

and the total local erosion rate will therefore be given by the
integral of this integrand over the entire particle volume range
0 — o, keeping in mind that, for inertial impaction, the inte-
grand (because of 1., (v, 6)), is essentially zero below some
threshold volume v, corresponding to Stk ;, ¢ = 1/8. Thus:

ER=[ T, 4V, 0, 0, 0,0, 03 v+ €0, 0
*UN,-C.tv¥ydv. (5)
A suitable reference erosion rate will clearly be
(ER)ret = €,€U, 6,3 (GN,U), 6)
where the product (oN,), will be recognized as the main-
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stream parficle volume fraction ¢, .. This implies that it will
always be possible to calculate actual erosion rates from the
product relation:

ER=(ER)refEf9, )’ (7)

where, in view of Egs. 1, 5, and 6, the dimensionless local
erosion rate function E€67} is explicitly given by

J

%

E€9, ...¥

etV v, 0%, 6,50, 6> ¥
e, tU, 6,

U

'(U)'nlocalfv’ 0}"Cme}'dU 8

an important result to which we will frequently return.

If we now introduce the separable erosion yield law (Eq. 2),
we note that the first term in the integrand can be simplified
to the product of two dimensionless functions:

€, V<, 6%, 6;€v, 63 )
€,tU, 0.

B ( V,tv, 0>

U ) - f€0,€v, 03 )

1€

where it will be recalled that the shape function f€6)=
€,tV,, 6 /€,tV,, 0.F describing the dependence of erosion
yield on angle of incidence is normalized such that f€0,3=1.
To complete the calculation of E<#, ...> it remains to spec-
ify the three inertial impaction functions: V, v, 6)/U,
0€v, 63 Am/2), and n,,tv, 63 (see the following subsec-
tion). Of particular interest to us will be the maximum local
value E ., of E, occurring at angular position 65, as well
as the mean value E of E over the upwind-facing surface of
the circular cylinder, that is,

EE(E)-j””Efe,...}-de. NG
7] Jo

We should note at this point that (ER),.; (Eq. 1) scales as
U "“-«bp,w. Since our dimensionless E-functions are explic-
itly independent of &, this indicates that all absolute ero-
sion rates will be simply linearly proportional to the volume frac-
tion of abrasive particles in the mainstream, provided o and o,
are kept constant, that is, ¢, ., is changed only due to changes
in the mainstream particle number density (see the next sec-
tion for a more general case). However, the dependence of
erosion rates on mainstream velocity U will usually be more
sensitive than U/"*! since the erosion rate functions E, E_,
and E themselves contain an implicit dependence on U via
the inertial impaction correlations described below. We will
return to this interesting dependence in the next section and
the subsection titled “‘Direct’ Use to Predict Erosion Behav-
ior.”

Inertial impaction on a cylindrical target in cross-flow;
Stk,,; correlations

Defined as the ratio of the characteristic particle stopping
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time (¢,) and the flow time ¢, = (d,/2)/U, the Stokes num-
ber, which dictates all impaction phenomena, is convention-
ally computed assuming the linear Stokes drag law. In an
analysis of inertial impaction on spheres and cylinders in
high-speed streams, Israel and Rosner (1983) introduced a
generalized (effective) Stokes number, Stk ;, which takes into
account the non-Stokesian drag on the particles. It can be
calculated in terms of conventionally defined Stokes number
and particle Reynolds number (Re,,) via:

Stk o = Stk -y €Re ¥ (12)

The non-Stokes drag correction factor ¢€Re,} is defined by

oy 2 (res R .
VR Re, J CotReIRe

and has the desired property ¢ — 1 when the drag coefficient
Cp — 24/Re (Stokesian limit). A useful empirical approxima-
tion to extensive C,€Re} data for an isolated sphere, accu-
rate up to Re, = 0(10°), is

24
Cp= [1+0.158(Re)¥1. (14)

This representation leads to a correction factor i, which can
be explicitly expressed in terms of Re,, as

ye 3{\/5Re;/‘ —tan~! (\/C‘Re},ﬂ)}

c¥’Re,

(15)

(see, e.g., Rosner and Tassopoulos, 1989). This convenient
relation, with ¢ = 0.158, has been used for all calculations re-
ported here, as well as the construction of Figure 4 (with
log-log coordinates). The integration over particle volume re-
quired to calculate the functions E€6, ...}, E,_ ., and E will
be carried out using the dimensionless particle volume vari-
able £ = u/v_;,. However, all of the inertial impaction corre-
lations (Israel and Rosner, 1983; Wang, 1986; Wessel and
Righi, 1988; Konstandopoulos et al., 1993) for a cylinder in
the cross-flow of a suspension of mono-sized particles are
given below in terms of the effective Stokes number of Eq.
12, explicitly:

2

1 p,Ud,
— o -ty tUd . 16
S Tud, ytUd, /vy (16)

Stk =

When use is made of the result that the singular size v, =
(Wd;.crit /6) corresponds to Stk . =1/8 (for a circular
cylinder target at ReY? > 1), the algebraic (transcendental)
(if it were not for the non-Stokesian correction ¢{Re,}, the
value of Stk for particles large enough to remain in the
continuum regime would simply be proportional to £%° (i.e.,
projectile particle surface area)) relation between the vari-
ables Stk and £ is easily seen to be obtained from
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Figure 4. Double logarithmic plot of correction factor ¢
for non-Stokesian particle drag (after Israel
and Rosner, 1983).
Stke g = Stk - y{RepY.
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where Re, ., the value of Ud, . /v, (of order unity), will

remain as an important parameter in all of the following cal-
culations.

For a circular cylinder target in a cross-flow containing
particles of a single specified size, the basic inertial im-
paction functions overall impingement efficiency (7,,,), the
maximum angle experiencing impingement (6,,,), and the
impact speeds at the forward stagnation point (V,,) and at
the maximum angle experiencing impingement (V) have
been recalculated by numerical integration of the particle tra-
jectory equations and the results correlated by Wessel and
Righi (1988) using the notion of an effective Stokes number,
Stk ., recommended by Israel and Rosner (1983). The corre-
lation forms used are

1 132
I'= B, In(8Stk )+ Bz(Stkeff - §) + BS(Stkeff - §) (18)

or (cf. Israel and Rosner, 1983):

-2

17! 1
F={1+ Bl(Stkcff_g) +B2(Stkcff_—8')

13!
+ B3(Stkeff - g) } (19)

where the recommended values for the coefficients appear-
ing in these formulas are reproduced in Table 1. In addition,
Wessel and Righi (1988) provide a set of correlations for lo-
cal impingement efficiency (1., €67; cf. the previous subsec-
tion) at any angular position, 6, in terms of the overall im-
pingement efficiency (7,,) and the maximum angle experi-
encing impingement (6,,,,):

0)

The impact speed (V,£6)) of a particle at any point (8 < 6,,,,)
on the surface is correlated with the abovementioned values

Voms Vioor and 6,,, by:

pm> ¥ por max

2

max

T 8
V£6y=—(V,,~V,,)cos | ~ o +V,, QD

and, in our notation, g(v, 8) =V, /U. The complement ( «t63)
of the angle of incidence (6, (Figure 1)) depends on the maxi-
mum angle experiencing impaction and an exponent, b, also

COrrelated With Stkeff by:
( ) |
1
6 max

‘+ B4 B Bs
Stkoe  StkZs Stk

b

aty 3
(m/2) B

(22)

where:

(23)

Table 1. Correlation Constants Used to Calculate Impacting Particle Target Efficiency, Impacting Angle (Figure 1), and Veloc-
ity (Wessel and Righi, 1988)

Correlation Valid Correlation Constants Correlation
Parameter, I’ Stk.; Range B B B Equation

Target Efficiency, 7., 0.125- 0.5 0.01978749 0.5136545 —0.0482858 Eq. 18

>0.5 1.54424 —-0.538013 0.2020116 Eq. 19
Maximum angle experiencing 0.125-05 0.696596 —1.822407 1.1452745 Eq. 18
impingement, 8, A7/2) >05 0.7722744 —-0.271871 0.06049905 Eq. 19
Impact velocity, |V,t0},/U 0.125-0.8 0.0209863 0.8762208 —0.403482 Eq. 18

>0.8 1.038627 —0.327754 0.1115706 Eq. 19
Impact velocity, |V,€6,/U 0.125-05 1.925045 —6.30525 3.796702 Eq. 18

>0.5 —0.242589 0.234317 —0.0446577 Eq. 19
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where, according to Wessel and Righi, 8,=0.1851488, 3, =
—0.0205901, and B; = 0.001530146. Thus, in our present no-
tation & = 6,Aw/2)=1—{at6> Am/2)]. In closing this section
we note that compact correlations for 7,, and V;€6) /U have
also been provided by Wang (1986); however, we have chosen
not to “mix” correlations from different sources.

Abrasive particle size distribution in the mainstream

Using particle volume o{ = wd;/é for a sphere of diameter
d p) as the basic size variable, the normalized mainstream dis-
tribution function C.€vY appearing in subsection “Local and
Total Erosion Rate Quadrature Expression” is defined such
that the mainstream number density of particles with volume
v £(du/2) is given by N,Cfvrdv, where N, is the total parti-
cle number density. [In applications where the mainstream
particles are captured by the target, the size distribution of
collected particles can differ appreciably from C_€vY (see,
e.g., Rosner et al., 1995)]. While the quadrature expression
for the dimensionless erosion rate function E€6, ...} admits
any C€v? of particular interest, all of the remaining calcula-
tions here will be based on the single-mode, two-parameter
continuous distribution function:

B (ln(v/vg))2

, 24
2 In%g, 24

1
Cty=—--
¥ vy2m In a, exp

which is said to be “log-normal”since v-C, €07 is Gaussian
in the volume variable In v. Two particular values of the
spread parameter o, will be of special interest: namely, the
value g, =23 (the corresponding distribution function in

terms o? particle diameter is also log-normal, but with the
spread o, =(2.3)* =1.32), corresponding closely to “coagu-
lation-aged” populations in the continuum regime (see, e.g.,
Friedlander, 1977; Rosner and Tassopoulos, 1989), and o, =
1, corresponding to the “mono-dispersed” (single-size) case.
Rather than using the geometric mean particle volume v, (at
which vC, €v) maximizes) to characterize the average parti-
cle size in the population, we choose the number-mean vol-
ume defined by the integral of vC,€v) over all particle sizes
in the population, that is,

D =f0 vC.£v¥ dv = v,-exp (5 In ag). 25)

As noted earlier, the product 7+ Np is the total volume frac-
tion ¢, of the mainstream aerosol.

Instructive asymptotic limits

Two particularly important and instructive asymptotic lim-
its are briefly considered here, namely, the limits (5/v;,)"?
> 1 or the (“monodispersed”) limit o, — 1. Both happen to
be relevant to the “ideal” conditions for erosion yield tests,
but we examine them here to provide a valuable check on
our more general quadratures, and for the insight they pro-
vide.

The asymptotic limit (3/v,,;)%* > 1. In this limit most par-
ticles in the population are so large that they will follow nearly
straight-line paths before impacting the circular cylinder at
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the velocity ¥, = U with angle of incidence 6, ~ 6 (see Figure

1). In terms of the inertial impaction functions introduced in
the previous subsection we see that, in this limit:

Miocas €0, §F = cos 8 (26)
Omax = /2 (27
g(=V,€v, 03 /U) -1 (28)
h(=6,/(m/2)) = 6/(m/2). (29)

Inspection of the quadrature expression E<6, ...} (Eq. 8)
reveals that when (7/v,,;)"> > 1 we should expect:

lim  E€6, ...>=cos€6}- f€67, (30)

(Bogi)7 > 1

irrespective of o, and Re,, ., of course, irrespective of the
erosion yield parameter f,,, 8, or n. This limit will therefore
be included on several of the summary graphs shown in the
next section. As one important consequence of Eq. 30
(another interesting corollary of Eq. 30 is that
Lim g, .y » (dE/d6),_ = (df/d8),_,, which, in general, is
a positive number (Figures 2, 3); as discussed in subsection
“Examination of Approximations,” this implies that erosion
will “sharpen” the nose of initially blunt metal objects), we see
that the stagnation point value E<0, ...) cannot exceed the
abovementioned parameter f0}.

The “single particle size” asymptotic limit (o, — 1 ). In the
limit of vanishing particle population spread, corresponding
in our notation to o, - 1, the distribution function C_{v¥
becomes Dirac-like and all particles in the population will
have a single volume, necessarily equal to the number-mean
volume 7. Then, in our calculation of “total” local erosion
rate (“Local and Total Erosion Rate Quadrature Expression”)
no integration over particle volume is necessary and we are
led immediately to the interesting result:

lim E46, ...} =f0,£D, 038"€D, 6} Moo €0, 0¥, (31)

o'g—>1

which involves each of the abovementioned inertial im-
paction correlation functions 6,A#w/2), g, and m,o.,, but all
evaluated for the single particle size 7( > v,,) in the prevail-
ing environment. This result, which is formally valid for any
/Uy, and any value of the dimensionless parameters Re,, .,
fo. 64, n, will also be shown in several of the graphs pre-
sented in the following section (e.g., Figure 5).

Resuits and Discussion

For the log-normal distribution C, and the erosion yield
law, local impingement angle and efficiencies, as discussed in
the preceding section, we define and calculate below a di-
mensionless local erosion rate function, E€67, as:

1 = g
B0y == - [ 0 T 0, Y Ctodg "0, o}f{hfu, G}E}dv.

(32)
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The dimensionless functions f, g, and n,.,; appearing in the
integrand and discussed in the previous section are evaluated
using the relation (discussed in the previous section) between
effective Stokes number, Stk ., and dimensionless particle
volume, &(= v/, where v, Is the “critical” volume (the
volume of the smallest particle capable of inertial impaction
on the target in prevailing environment) and Re, ., the
Reynolds number based on mainstream velocity, diameter of
the critical size particle, and, in the Stokesian limit (Re, ;,
—0), one sees that Stk.q — (1/8)-£%°. The dimensionless
erosion rate function defined by Eq. 32, for rapid estimation,
has been calculated using a finite-analytic scheme in which
we divide the size spectrum into a number of sections. In
each section k (k=1, 2, 3, ..., M) we estimate the parame-
ters A, and g, such that they best-fit the local power law:
Mocar €0, UV}~ 8"€0, >+ ft6, VI7/2y= Aw%. The integra-
tion in Egs. 5 and 32 is then done piecewise using the follow-
ing closed-form relation (Rosner and Tassopoulos, 1989) for
the “partial moments” of C€v3:

BAC o do = = In o, + ¢ 1
/U v U—Eequnvg Eq no,

[23

B
In| — ~ g In%
n(ug cxp( qnag))
\/Z_Inag

{erf

ln( Ui exp(—¢ lnzag))

8
\/5 lnog

—erf (33)

In Figure 5, we show the polar plot of dimensionless erosion
rate on the upwind side of the cylinder for the population
spread g, = 2.3 (the “self-preserving” value for Brownian co-
agulation in the continuum regime). The plot is shown for
different values of dimensionless mean volume, £, defined as
the ratio of U of the mainstream distribution and the critical
volume, v_;,. The increase in the mean volume (size) in-
creases the inertial impacting ability of the particles in the
mainstream, leading to the increase in the erosion rate ob-
served. Also shown on the plot is the product function f€8)
cos 6; that is, the asymptotic value of the dimensionless ero-
sion rate function, E€63, in the limit of very large Stokes
number. The angle 6 on the cylinder where the maximum
erosion rate takes place also increases and asymptotically ap-
proaches the value of 9 for which 63 cos €6 is maximum
(here 6 = 46.4°), as has been discussed in the preceding sub-
section. We have reported the preceding results for typical
values of the remaining parameters encountered in practical
situations: n=2.5, 8, =66°, f,=0.28. In Figures 6-20, we
display the sensitivity to the parameters o, n, f), 05, and
Re, ..y, _of the average and maximum dimensionless erosion
rate, E and E,,., and the position, 6 , where the maxi-
mum erosion rate occurs. In Figures 6 and 16 we show the
dependence of the average and maximum erosion rates on
the dimensionless mean particle diameter, £ %3, for different
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&= V/Vrrix
G, =23
n=2.5
f0=0.28
9*=66°
Rep,crit=1

Figure 5. Polar plot of dimensionless erosion rate func-
tion E(#4, ...) (Eq. 8) at several values of #v,,;;.

Case shown: Re =1,0,=23,n=25, f{0y=10.28, 0, =
66°.

pcrit

values of population spread parameter, o,. Increase in the
standard deviation of the particle distribution in the main-
stream (for a given number-mean size (volume)) results in
particles of larger sizes impacting the target, resulting in
higher erosion rate. Also shown on these graphs are the max-
imum and average values of the function f€vYg"€vyhtuv?,
which corresponds to the asymptotic behavior of F€0¥ in the
limit of o, =1, that is, all particles in the mainstream have
the same size, D, Eq. 31. We present our results for the di-
mensionless mean particle diameter, £, between 1 and 10.

R Ayes

iy Emax of f(E)g"(E)T\loc(E)
/
) (G, =1

max
o]
Cid

001 |

0.001

1 10
Vv )

crit
Figure 6. E, ., as function of the particle size parame-
ter (v/v,,)"® for values of the population
spread o,.
Case shown: Re,, i =1, n=2.5, f40>=0.28, #, = 66°.
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0.1 |

0.001

Wi )7

crit
Figure 7. E..., as function of the particle size parame-
ter (v/v,,;,)"® for values of the particle
Reynolds number Re,, ...

Case shown: 0, =23, n=2.5, f(0)=0.28, 8, = 66°.

The maximum and average erosion rates are observed to ap-
proach the asymptotic values of f€6¥-cos €6} (high Stokes
number limit) for £* =10. For metal targets the most vul-
nerable erosion angle of incidence, 6, is often found to lie
between 60 and 70 degrees (see, e.g., Tabakoff et al., 1980).
We have investigated the effect of the parameter 6, (be-
tween 55 and 75 degrees) on the erosion rates and find that
the erosion rates decrease as 6, increases (Figures 9, 19, 24).
In Figures 7 and 17, we show the dependence of the erosion
rates on the critical particle “slip” Reynolds number. A parti-

0.1

max

0.01

0.001

Figure 8. E,,, as function of the particle size parame-
ter (v/v,,;,)V® for several values of velocity
exponent n.

Case shown: Re, ., =1, 0, = 2.3, f€0y=0.28, @8, = 66°.
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o |

max
X

0.01

0.001

@y )"

crit’

Figure 9. E, ., as function of the particle size parame-
ter (v/v,,,)"? for values of the singular inci-
dence angle @,.

Case shown: Re, o =1, 0, =23, n=2.5, f£0y = 0.28.

cle Reynolds number of zero corresponds to the case of
Stokesian drag and, using these figures, one can avoid the
systematic error that would be made in estimating the ero-
sion rates based on the (simplifying but erroneous) assump-
tion that suspended particle drag follows Stokes law. An in-
crease in the value of f; (i.e., erosion propensity at normal
incidence) increases the values of f¢¢7 for § < 4, (Figure 3),
and thereby increases the local, maximum, and average ero-
sion rates (Figures 10 and 20). Indeed, as shown in the previ-
ous subsection, f, is the limiting value of E at the forward
stagnation point (7/v;,)"* > 1).

0.1

max

0.01 |

— fo=02
-~ . fp=0.28

- fg=0.4
-~ fp=0.6

i
|
0.001 L .
1 10
@y )~
crit’
Figure 10. E_,, as function of the particle size parame-
ter (V/v,,,)V? for values of #0}.
Case shown: Re, . =1, 0, =23, n =125, 8, = 0.66".
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b a )
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E25 [

BEmax of #E)gP(EMIoctE)
(g,=1) .

10
1/3
(V/Vcrit)
Figure 11. 6;__ as function of the particle size parame-
ter (v/v,,,)"® for values of the population
spread o,.
Case shown: Re, ., =1, n=2.5, f£0¥=0.28, 6, = 66°.

The angle, 0 . at which the maximum erosion rate takes
place increases with increasing mean particle diameter (see,
e.g., Figure 5) provided f, is sufficiently small. These 6 -
values asymptotically reach the value of 8 for which f46%-cos
# is maximum. However, it is noteworthy that the approach
is nonmonotonic at sufficiently high f, values (see Figure 15).

Our results can be used to calculate the local sewnsitivity of
the erosion rate to parameters of particular interest, for ex-
ample, mainstream velocity. In this case we can calculate the

50" r 7 T T T

Emax

i)

crit’

Figure 12. 6 _ as function of the particle size parame-
ter (v/v,,)"® for values of the particle
Reynolds number Re,, ;.
Case shown: g, = 2.3, n= 2.5, f€0}=0.28, ¢, = 66°.
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/v )

crit
Figure 13. 6 _ as function of the particle size parame-
ter vac,i,)" 3 for values of velocity exponent
n.
Case shown: Re =1,0,=23 f€0¥=10.28, 6, = 66°.

p.erit

local exponent & In (ER)/3 (In U), taking into account the
implicit dependence of, say, E€6% on U via v, and Re

p.crits
Our result,
4 In (ER)
neff+1sm——=n+l
1 dIn ¢ dm(E) omn(E)
+=|1+ — (34)
2 dlnRe, [\dln&¥ JlnRe,,
55° r T T T T
50 /,’:_
i ST

45 ¢

Vv )R

crit

Figure 14. 6,  as function of the particle size parame-
ter (V/vcm)‘“’ for values of the singular inci-
dence angle 6,.
Case shown: Re, . =1, 0 = 2.3, n = 2.5, f€0> = 0.28.
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@/ )

crit

Figure 15. 8 as function of the particle size parame-
. (v 13
ter (¥/v,,,,)V? for values of £0).
Case shown: Re, i =1, 0, = 2.3, n =125, . = 66°.

reveals that this exponent can exceed #n + 1 by an appreciable
amount due to the term involving the indicated logarithmic
derivatives (this is the reason why we have displayed Figures
4 and 6-20 with logarithmic scales; incidentally, Eq. 34 (and
Eqgs. 36, 39) is also valid for the maximum erosion rate, E_,,,
provided the appropriate graph for (log) E_.. vs. (log)
(3/v4;)7° is used). Estimating these derivatives from Figures
4 and 17, respectively, for our illustrative case (see the next
subsection) reveals that, whereas n+1=3.5, ¢ [In (ER)
/8 mU]=6 under these particular conditions. Of course,
both exponents are large and indicate that a reduction in
mainstream velocity will dramatically reduce erosion rates.

0.1k

w 0ot ¢ -

0.001 £
C /

0.0001

1 ' - T 10
\ZATES

crit
Figure 16. E as function of the particle size parameter
(v/v,,;,)V® for several values of the popula-
tion spread o,.
Case shown: Re, =1, n=2.5, f{0> =028, 6, = 66°.
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- Rep.cril=10<
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0.001 - ; : -
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@/v_ )

crit
Figure 17. E as function of the particle size parameter
(¥/v,,) V3 for values of the particle Reynolds
number Re, .-
Case shown: 0, =23, n=2.5, f€0y =028, 8, = 66°.

Another interesting corollary of this steep dependence of
erosion rate on U is that if the mainstream is fluctuating (with
a frequency perhaps up to but not far exceeding 1/2, .;,), then
the time-average erosion rate will be systematically larger than
the erosion rate evaluated at the time-average velocity by the
approximate factor:

+ Nege(nege +1) (U— oy

2 oz’ G

0.0001

@ )"

crit’
Figure 18. E as function of the particle size parameter
(¥/v,,,)V3 for values of velocity exponent n.
Case shown: Re, =1, g, = 2.3, f€0) =028, 8, = 66°.
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0.01

0.001

@/v_)"e

crit’

Figure 19. E as function of the particle size parameter
(v/v,,,)V? for values of the singular inci-
dence angle 0.,.
Case shown: Re,, i =1, 0, = 2.3, n=2.5, f(0) = 0.28.

which can be appreciable even at modest “turbulence inten-
sities”; for example, at 50% turbulence intensity this factor is
about 5 (rather than 2.1 based on n = n).

Also of interest is the sensitivity of erosion rate to the vol-
ume fraction ¢, ., of suspended abrasive particles. If ¢, .. is
changed only because of a change in particle number density
at constant 7, then it is readily shown that ¢ In (ER)/? In
¢p,w is unity, that is, erosion rates will depend linearly on
mainstream particle number density. However, if the change in
¢, were instead entirely due to the change in o (at constant
N,), then one finds the larger exponent:

01

001

0.001 - - . —
1 10

/)"
cn
Figure 20. E as function of the particle size parameter
(7/v,,,) V3 for values of £0).

Case shown: Re,, . =1, 0, =23, n=2.5, 8, = 66°.
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0.01

0.001

0.0001

W)

crit’

Figure 21. Fraction @ of the total volume ¢, ., which is
supercritical (capable of inertial impaction) in
the prevailing environment.

Log-normal C€uvy.

=1+

N, = const

3 In ER
dlndo,..

1( dln E

We note that this is nor merely the result of increasing the
volume-weighted frequency of abrasive particle impacts, a
“plausible” hypothesis that would have led instead to the ex-
ponent:

) 1 dln® 37
Fo—

3o éV
where @ is the fraction of Dy o which is “supercritical” (ca-
pable of impacting), that is,

o=—-f " 0CAvy dv (38)

Verit

[STR

(shown plotted in Figure 21, again using log-log scales). Thus,
the sensitivity ¢ In ER/3 In ¢, ., will be between unity and
Eq. 36, depending on what fraction of the change in ¢, is
associated with a change in mean particle volume b.

Also of practical interest is the predicted sensitivity of ero-
sion rate to farget diameter (or twice the nose radius of a
turbine bladelike shape; see subsection “Generalizations”). In
this case one finds

1{ dInE
8 In ER 21 an &V
=- (39)
d Ind, 1 dinyg
251 Re,,

One sees that this local exponent is always negative and only
vanishes in the limit (3/v,;, )Y — . Moreover, the sensitivity

AIChE Journal



1 h . —— v —
[
09 4
4
i i
- 7
L7
307 _ g
~£ -7
£ 74
W 0.6 o= -7 / /.//,/
E ______ ” /'/'// ’ ’ T Be=35
0.5 b T T Bs=60°
S P R B+=66 °
04 r -7 — @s=70°
F — Bu=T75°
0.3 { . . P R T
0 0.2 0.4 0.6 0.8 1
f

Figure 22. Maximum value of E in the limit of infinite
Stokes number; effect of the erosion yield
parameters f, and 0..

of erosion rate to target diameter increases somewhat as a
result of the non-Stokesian drag correction (cf. Figure 4).
These results could be useful for evaluating the benefits /costs
of the strategy of adopting larger target nose radius to reduce
erosion rates in a more “ruggedized” boiler or turbine design.

Finally, because of the theoretical and practical impor-
tance of the large Stokes number limit (5/v,,)Y° > 1) we
collect, in Figures 22, 23, and 24, the pertinent limiting re-
sults for E,,, 6, and E over the range of parameters 8,
and f; (Figures 2 and 3) of practical interest. Not surpris-
ingly, erosion rates become rather insensitive to 6, (Figure

Figure 23. Angular position of maximum erosion rate in
the limit of infinite Stokes number; effect of
the erosion yield parameters f, and 0.
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Figure 24. Average erosion rate function E (upwind-fac-
ing area) in the limit of infinite Stokes num-
ber; effect of the erosion yield parameters f,
and 6.

22) when the relative erosion propensity at normal incidence,
fo» is large (say, above 0.8). It is also noteworthy that in the
high Stokes number limit, mean erosion rates scale linearly
with f,, over the entire 6, range of interest (Figure 24).

Considering the fundamental simplicity of our mathemati-
cal model/formulation of the particle impact erosion prob-
lem (see the section on the mathematical model), the above-
mentioned results are seen to provide a remarkable amount
of insight into the dependence of erosion rates on both envi-
ronmental and phenomenological materials parameters. Fur-
ther applications and extensions of this model are taken up
in the next section.

Implications, Applications, and Generalizations
“Direct” use to predict erosion behavior

It is straightforward to use the results of the preceding sec-
tion to predict local and average erosion rates in many partic-
ular environments of practical interest. This can be briefly
illustrated (for a concise summary of “best-fit” values of
6,4V, s =10°mys, 6,3, n, 0, and f, based on erosion test
rig data in the open literature, see Kho et al. (1994) (for tar-
gets of sufficient ductility to exhibit 6-values in the range
considered here)) using the Kingston coal ash/304 stainless
steel erosion yield parameters mentioned in the subsection
on the erosion yield law, along with the environmental condi-
tions considered in chapter 8 of Rosner (1986, 1990), namely,
U=10 mss, d, . =14 pm, d,=20 pm, d, =5 cm with a
suspended particle mass fraction of 102 and the log-normal
parameter o, of about 2.3. With these numbers we readily
find (D/vq;)"° =143, Re, i = 0.6, €,€U, 9,3 =0.98x1077,
(ON,U), =826 pum/s, (ER), =37 pum/sy, (E),.. = 0.028,
(E) = 0.0084, (ER),,,, =1 pm/y, 8(ER),,, = 24.6°, and
(ERY=0.3 pm/y. These particular results indicate quite
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modest erosion damage over the projected lifetime of the
power plant; however, if the results of similar calculations
predicted erosion rates considered to be intolerable, one
might then investigate the costs/benefits of the following op-
tions: reduce local gas velocities, reduce fly-ash burden (by
combustor configuration or ash content of coal), and/or con-
sider the cost/feasibility of specifying metal alloys more
wear-resistant than #304 stainless steel.

“Indirect” use to infer parameters in the erosion yield law

Inspection of our “universal” results (preceding section) re-
veals that (ER),,; and/or the calculated quantities E, E .,
0g ., and/or {E) are sometimes sensitive to the parameters
0*,“f0, and » appearing in the erosion yield law. In these
regimes an “observation” of any or all of these quantities for
a cylinder in a “known” test environment can clearly be used
to extract rational estimates of those parameters that are least
well known—for example, 6, and/or f,, for a material never
previously studied in a well-characterized erosion test rig. This
might be a reasonable provisional method for making extrap-
olations to related environmental conditions, including ulti-
mately predicting erosion damage on more complex shapes
(e.g., a turbine blade) by particle trajectory analysis.

Examination of approximations

Confidence in the validity of most if not all of our underly-
ing assumptions can be generated based on the sequential
observations below. However, in some cases we are led to
interesting questions that appear to remain open and will
warrant and, hopefully, motivate a closer examination in fol-
low-on research. Generalizations that relax one or more of
these assumptions are postponed to the following subsection.

Al. Validity of high Re, point-particle trajectory calculations
for a circular cylinder in cross-flow. For conditions represen-
tative of, say, an “unshielded” boiler tube exposed to coal-
ash-laden combustion products, the principal assumptions
underlying the impaction calculations/correlations are quite
accurate. This is because the tube Reynolds number (O(4 X
10°); see, e.g., Rosner, 1986, Chap. 8) is usually high enough
for boundary layer corrections (to Stk ., and local particle
trajectories near the upwind-facing surfaces) to be negligible
(see, also, Menguturk and Giines, 1984, and Rosner and Fer-
nandez de la Mora, 1984), and those particles large enough
to impact with velocities of order U will indeed exhibit negli-
gible Brownian motion (Fernandez de la Mora and Rosner,
1982), and yet remain negligibly small on the scale of the
tube diameter (d,/d, = 0€10™%}).

Several further simplifications underlie the inertial im-
paction correlations we have exploited, for example, the
cos((8/0,,.,)7/2) angular dependence of local particle im-
pingement flux at all supercritical Stokes numbers and at
particle slip Reynolds number outside the domain of Stokes
drag law. The accuracy of this cos((6/8,,,,)7/2) representa-
tion can be judged by consulting the particle trajectory nu-
merical calculations of Brun et al. (1953, 1955) and Wessel
and Righi (1988).

The correlation-predicted values of the abovementioned
local functions were calculated and compared to the values
for those quantities obtained by Wessel and Righi (1988) from
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actual particle trajectory integrations. Consistent with the
comments made by Wessel and Righi (1988), we found that
there are significant deviations between the correlation func-
tion values and those obtained from specific trajectory calcu-
lations, especially when Stk <0.5. As might be expected,
these discrepancies are most noticeable in the evaluation of
the local (cf. integrated) properties. For example, when Stk
is 0.25, the local impingement efficiency as calculated from
the correlation is approximately 75% higher than that from
trajectory calculation. Fortunately, this discrepancy decreases
to about 26% for Stk = 0.5 and to 4% for Stk 4 = 4, and
one would expect that very low Stk g-particles (near-critical
size) account for only a small fraction of the total erosion.

A2 Success of the effective Stokes number concept in the
domain of non-Stokes particle drag. The success of the “ef-
fective Stokes number” concept for Re,-values up to as high
as 10% has been demonstrated for impacting particle capture
fractions (for s = 1) by Israel and Rosner (1983). Their recom-
mendation that this simple technique would also correlate
impaction velocities and angles was later confirmed by Wang
(1986), and again by Wessel and Righi (1988), especially in
the domain away from the immediate vicinity of Stk . o, fOr
example, Stk > 0.5, where most erosion damage is likely to
occur {because of the sensitivity of erosion yield to impact
velocity). This is quite encouraging since Re,-values in many
two-phase flow engineering applications (Rosner and Tan-
don, 1995a), including the present class of applications, will
require these systematic non-Stokesian drag corrections (cf.
the Re,-effects displayed in Figures 7, 12, and 17).

A3.  Engineering applicability of available erosion yield data
(e,fV,, 6;3). It is worth explicitly noting that most erosion
rate “predictions” for, say, boiler and combustion turbine ap-
plications have been based on the premise that erosion yield
data can be invoked in sitvations where particles actually ar-
rive simultaneously over a wide “band” of velocities and an-
gles of incidence. Indeed, this premise underlies the develop-
ment/use of such erosion test rigs (see, e.g., Finnie, 1959;
Tabakoff et al.,, 1979a,b). However, if the erosion mass loss
process is not simply a “single impact” phenomenon this
(usually implicit) “additivity” or “uncoupling” assumption
should probably be examined more critically, perhaps based
on the erosion rate experiments involving, for example,
“pairs” of incidence angles. We are currently unaware of such
experimental tests of “additivity” in erosion situations.

Another type of coupling phenomenon, which apparently
has not been systematically studied, is the possible “protec-
tive” effect of the simultaneous acquisition of much smaller
particles (or even condensed vapor) on the component whose
erosion is of concern (see, also, A4 below). In such cases the
erosion yield law would have to be enlarged to include the
prevailing average inventory (quasi-steady coverage) of the
semiprotective layer, and the nature of this dependence would
have to be studied experimentally, and /or, perhaps, theoreti-
cally (Konstandopoulos and Rosner, 1995; Rosner et al,,
1992).

A4.  Neglect of particle-particle interactions and “‘rebound”
phenomena. In most of the applications of concern here the
volume fraction of suspended particles, ¢, .., is small enough
(usually of order 10™°) to render particle-particle interaction
effects in the vicinity of the target negligible. Indeed, if one
views the particle “flow field” as if there were no carrier gas
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(e.g., consider the limit Stk —, with elastic rebound from
the cylinder) this “particle gas flow” past the cylinder would
correspond to a Knudsen number (ratio of mean-free-path to
target diameter) of the order of (2/3)(¢p)“1-(dp/d,), which
is about 2x 102 for our present numerical example (see the
subsection titled “‘Direct’ Use to Predict Erosion Behavior”).
This value is large enough to justify the assumption of “free-
particle” flow.

On the issue of erosion due to rebounding particles (e.g.,
accounting for multiple impacts on the same target) it should
be realized that the combination of loss of particle velocity
due to “inelasticity” and the sensitivity of erosion yield to im-
pact velocity conspire to make successive collisions compara-
tively ineffective, suggesting the engineering utility of a “single
impact” erosion rate theory. This is in contrast to the situa-
tion for rebound effects on particle capture, which can be seen
from the interesting study of Wang (1986). However, in this
connection it is interesting to note that, in general, a target
exposed to a stream containing a broad distribution of main-
stream particle sizes will inevitably tend to capture the small-
est particles under conditions in which the large suspended
particles will be capable of rebound and/or erosion. This
means that even at low suspension volume fractions,
particle-particle interactions at the surface cannot be ruled out,
depending on the relative arrival rates of “depositing” and
“rebounding” particles. In fact, in many such situations the
erosion yield (for the underlying material) would depend on
the steady-state “coverage” (inventory) of the smaller (cush-
ioning) particles (see also A3). A variant of this interesting
situation (combined deposition and erosion) has been dis-
cussed by Rosner and Nagarajan (1987) and Miller et al.
(1992).

AS. Roughness and target shape evolution. We have ex-
plicitly considered cases in which the “asymptotic” roughness
associated with (quasi-) steady-state erosion is small, on the
scale of the target radius of curvature, d,/2, as must be the
cumulative surface recession (cf. the numerical example in
“‘Direct’ Use to Predict Erosion Behavior”). Indeed, this is
fully compatible with the erosion yield data being used, which
is itself averaged over long times (many impacts during the
constant erosion rate period).

It is also possible to extract from the “lobular” polar plots
of E€6, ... f'> (Figure 5) what might be called the “shape
evolution tendency.” For the cases shown (when /€0y > 0 and
fo small compared to unity but positive; Figure 2) there is an
initial tendency to reduce to zero the stagnation “line” radius
of curvature and exhibit comparatively rapid surface reces-
sion in the vicinity of 6z (> 0). This corresponds to a
tendency to make an initially acircular—cylindn'cal metal leading
“edge” (nose-region) “wedge”-shaped as time proceeds—an
outcome that has been reported frequently in the experimen-
tal erosion literature.

A6.  “Log-normal” distribution of abrasive particles in the
mainstream. For our theoretical formulation/numerical cal-
culations and graphical output we have assumed that the
mainstream abrasive particle size distribution, or at least that
portion of it that corresponds to supercritical Stokes numbers
in the prevailing environment, is “log-normal,” that is, that
the distribution function vC<€v Y is Gaussian on semi-log (lin-
ear vC<tv) vs. log,qv) paper, characterized by the two pa-
rameters g, (spread) and v,. While it would be straightfor-
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ward to carry out the required numerical quadratures with
other single-mode size distributions (e.g., Rosin-Rammler; cf.
Khail and Rosner, 1995), this particular two-parameter choice
is sufficiently versatile and computationally convenient (cf.
Rosner and Tassopoulos, 1989). Of particular theoretical sig-
nificance is the fact that even initially “mono-dispersed” (Di-
rac pdf) populations will evolve by Brownian coagulation into
near log-normal populations with, for example, g, = 2.3 (while
we use the parameter o, to characterize the spread (vari-
ance) of the log-normal population, we have chosen to report
our results in terms of the number-mean particle volume
(= ¢,/N,) rather than the value of which vC€v¥ has its lo-
cal maximum; these two volumes are related by Eq. 25 (see,
e.g., Rosner and Tassopoulos, 1989) for the continuum
(Smoluchowski) collision rate function (see, e.g., Friedlander,
1977). Moreover, if multimodal populations were relevant in
an important class of erosion applications (see the next sub-
section), they could be represented by sums of single-mode
contributions (e.g., log-normal or Rosin-Rammler).

Generalizations

It may be useful to itemize and comment upon particularly
valuable generalizations of our present results, that is, ways to
deal with somewhat more complex situations than those ex-
plicitly embraced in our physicomathematical model (see the
subsection on basic assumptions). We hope these comments
and conjectures can be exploited and tested soon, to further
enlarge the domain of tractable engineering design problems
in this general class, and thereby reduce the number of ex-
pensive “surprises” associated with erosion-induced failures.

Abrasive particle “blends”. 1t is tempting to conjecture that
if, as is common, the suspended particle population is actu-
ally a “blend” of several populations of rather different ero-
sion propensity, the total erosion rate can be simply esti-
mated as the sum of the contributions from each “subpopula-
tion.” We are unaware if this obvious approach has yet been
put to the experimental test; however, the paper of Kotwal
and Tabakoff (1981) is relevant here.

Interactions among “flanking” cylindrical targets. Recent
studies (Konstandopoulos et al., 1993) have indicated that our
“effective Stokes number” approach can be generalized to ac-
count for the first-order aerodynamic effects of adjacent tar-
get proximity. While this has been explicitly tested using pre-
dicted total particle capture rates for s =1, it is reasonable to
extend the notion to the estimation of target erosion rates.
This approach is equivalent to imagining that each target is
“isolated” but exposed to a fictitious dust-laden mainstream
that gives rise to the same stagnation point inviscid velocity
gradient as in the real tube bank.

Application to other important shapes/conditions. The ob-
servations of Israel and Rosner (1983) that inertial impaction
behavior of qualitatively similar target shapes can be brought
into near coincidence using an “effective Stokes number”
based on the prevailing inverse inviscid stagnation point ve-
locity gradient, suggests, for example, that our erosion rate
prediction procedures developed and illustrated here for a
circular cylinder might be used to estimate leading “edge”
region erosion rates for turbine bladelike shapes (circular
cylinder “forebody” with nearly flat “afterbody” (skirt)) by
simply increasing all Stokes numbers (including the critical
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Stokes number 1/8) by the approximate factor 1.08 to ac-
count for the effect of the afterbody in reducing the inviscid
stagnation point velocity gradient in the absence of apprecia-
ble blade “camber” (backbone curvature) and associated fluid
“circulation.” In such applications it may also be necessary to
correct for the systematic effects of nonnegligible Mach num-
ber of the approaching gas flow. Following Israel and Rosner
(1983}, this can be approximated by incorporating the effects
of freestream Mach number on both the flow time and parti-
cle stopping time (by use of the gas viscosity evaluated in the
stagnation region) in the calculation of the relevant particle
Stokes number.

Quasi-steady application of “steady-state” results. In appli-
cations where the dust loading and gas stream conditions are
not constant but changing sufficiently siowly on the time scale
(d,/2)/U, one can justifiably treat the total erosion (surface
recession) as having been the result of target exposure in a
“sequence” of “steady” environments and summing their ef-
fects.

Implicit effects (temperature, oxidizing/reducing environments,
stress). The framework provided by the present analysis will
clearly allow several “environmental” effects (e.g., effects of
temperature level (e.g., Gat and Tabakoff, 1980)) to be (im-
plicitly) included in the appropriate values of the three ero-
sion yield parameters n, €0}, and 6, and €,, ;= €,€V, .,
84> (V, .r = 100 m/s, say) for particular combinations of pro-
jectile/target materials (see e.g., Kho et al. (1994)) (irrespec-
tive of whether an adequate theory is yet available to antici-
pate or extrapolate such effects). Another potentially impor-
tant variable (which has evidently not yet been considered in
erosion yield measurements) is the state of stress in the target
material surfaces. For example, one would expect preexisting
tensile stresses to be particularly important in the case of
somewhat brittle materials.

However, we can easily anticipate erosion/corrosion situa-
tions that may require fundamental generalizations of the
present approach, that is, when the time scales of metal ox-
ide layer (re-)growth and successive projectile impacts are
comparable. Such situations would probably give rise to a
particle flux dependence of the average erosion yield, not
contained in the present formulation.

Particle size dependence of erosion yield? Several sets of
erosion yield data in the literature (e.g., Figure 5 of Kotwal
and Tabakoff, 1981) reveal a nonnegligible particle size de-
pendence, especially for “small” projectiles (e.g., below about
30 pm in Kotwal and Tabakoff, 1981). This would cause the
procedures of the subsection on erosion rates to systemati-
cally overestimate erosion rates. However, inspection of Eq.
8 reveals that, if one were convinced that such an effect were
not merely an artifact of the particular erosion yield experi-
ment itself, it could be easily incorporated in the indicated
quadrature expression via a suitably generalized e,-expres-
sion.

Velocity exponent sensitivity to angle-of-incidence. The
“separability” of V, and 6-cffects in the crosion yield law
€,tV,, 6; significantly reduces the number of dimensionless
parameters appearing in our final results and, hence, in-
creases the attractiveness of our “short-cut” procedure. How-
ever, there appear to be systems (combination of
projectile/target materials) for which the velocity exponent n
increases noticeably with angle-of-incidence (see, e.g.,
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Tabakoff et al., 1988). For such systems the “shape” function
f£6;> would not quite be the same at all impact velocities,
another complexity that could be straightforwardly intro-
duced, if indeed necessary, into our quadrature procedure.
Threshold velocity for erosion damage. It is generally not
possible to formally extrapolate the power-law velocity de-
pendence of €, very far below the range of actual erosion
rate measurements because of the likely existence of a
threshold velocity below which no perceptible erosion (sub-
strate loss) occurs. In effect, our previous procedures (“Ero-
sion Yield Law”) are based on the sequence of inequalities:

Sound speed in target 3> V,( < O(U))

>V (erosion threshold) >> ¥, (critical (for capture))

and will inevitably overestimate erosion rates when these rates
are very small (e.g., near Stk .« = 1/8). Again, this system-
atic effect could be incorporated if a more general €,€V,
6> law were used in our quadratures.

Conclusions, Future Work

By combining the essential features of available erosion
yield experiments (where small flat specimens are succes-
sively exposed to size-selected particles impacting at particu-
lar velocities and incidence angles) with what is now known
about the inertial impaction of particles on a circular cylinder
in high Reynolds number cross-flow, we have developed and
illustrated here an efficient approximate method to predict
total surface erosion rates for such targets exposed to a dis-
tribution of abrasive particles suspended in the mainsiream.
While “universal” graphs are provided to cover the antici-
pated dimensionless parameter ranges of greatest current in-
terest, the required correlation formulas and quadrature ex-
pressions are also provided to be able to deal with any “sin-
gular” cases of particular interest to the reader. We have also
indicated a number of feasible generalizations that seem likely
to be of interest in future applications.

Among other things, our results make it clear that while
erosion rates will usually be directly proportional to the abra-
sive particle number density in the mainstream, erosion rates
will be more sensitive to mainstream velocity than the usually
assumed U/”*! dependence (where, often, n = 2.5). They also
explain why initially blunt metal bodies become “sharpened,”
or even wedge-shaped, as a result of erosion, and when en-
larged nose radii will be an effective “ruggedization” strategy.

The erosion rate prediction procedures suggested and il-
lustrated here are probably efficient enough to be incorpo-
rated into future improved “erosion propensity” indices. Even
indices that are manifestly less complete have been used to
help quantify the costs and benefits of using coals of various
quality in power stations and furnaces (see, e.g., Raask, 1985).

Our approach and some of our results may also be useful
in extrapolating the performance of machining/cutting de-
vices based on the use of high-speed jets of liquid slurries or
gas-suspensions of abrasive powder. An effective Stokes
number based on the reciprocal of the stagnation point veloc-
ity gradient (see Israel and Rosner, 1983) would again pro-
vide the link to our present analysis (see the subsection titled
“Generalizations”). A useful extension would be an erosion
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rate theory applicable to the duct walls of pneumatic trans-
port systems (Arundel et al, 1973), including high volume
fraction turbulent slurries.

Also of future interest, and perhaps closer to the present
article, would be the development of a comparable rational
theory to predict erosion rates for targets immersed in (rather
than downstream of) bubbling fluidized beds (Tossaint et al.,
1990; Zhu et al., 1991)—a daunting problem due to the ap-
parent failure of many assumptions (see the subsection on
basic assumptions) underlying the present analysis (e.g., Al,
A4). Still closer to our present analysis and currently under
investigation is the situation encountered in the refractory in-
terior walls of high temperature cyclones in circulating flu-
idized bed combustion systems (Elliot, 1994; Khail and Ros-
ner, 1995).

In closing, we mention another extension of this approach;
that is, the deliberate “scouring” of thin but adherent granu-
lar deposits on heat exchanger—or turbine blade—surfaces.
When it becomes possible to specify the appropriate erosion
yield behavior for such a “solid” exposed to the scouring pro-
jectiles of choice (usually those that will leave the underlying
metal undamaged), then the time required to “remove” such
deposits (to an acceptable degree) could be anticipated using
an obvious variant of the present formulation. This informa-
tion may become available via extensions of our numerical
treatment of the “micromechanics” of particle interactions
(capture, erosion) with granular deposits (see, e.g., Rosner et
al.,, 1992; Konstandopoulos, 1991; Rosner and Nagarajan,
1987). Results of this type would also make possible the ra-
tional prediction of self-regulating quasi-steady-state deposit
thicknesses of ash-laden situations in which there is broad (or
bimodal) size distribution, with simultaneous deposition and
deposit erosion (see, e.g., Rosner and Nagarajan, 1987; Rosner
et al., 1983; Wagoner and Yan, 1992; and Miller et al., 1992).
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Notation

¢ =constant in Eq. 15 (=0.158)
d, =particle diameter, (6v/m)"*
f =normalized angle of incidence dependence of erosion yield
function, Eq. 2
fo =normalized erosion yield at normal incidence; Figure 3
(= £
k =“order” of PSD moment
Kn =Knudsen number (ratio of particle mean-free-path to d,)
n =erosion yield velocity exponent
neg;=(d In ER/6 In U)—-1
n{v) =particle number density distribution function, dN,,/dv
g =order of partial moment of log-normal distribution, Eq. 37
s =capture fraction upon local impaction
U =time-averaged mainstream velocity when U is “fluctuating”

v, =median volume of log-normal distribution of particles

Greek letters

a =lower limit of partial moment of log-normal distribution
B =upper limit of partial moment of log-normal distribution
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u = dynamic viscosity of carrier gas
v = gas momentum diffusivity ( u/p,)
6; =local impingement angle with respect to local normal (cf. Fig-
ure 1)
Py = gas density
p, =density of each particle
+ ¥ =argument of function
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